



















Non-Gravitating Scalar Field in the FRW Background
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We study interacting scalar field theory non-minimally coupled to gravity in the FRW background.
We show that for a specific choice of interaction terms, the stress tensor of the scalar field φ vanishes,
and as a result the scalar field does not gravitate. We study hybrid inflation scenario in this model
when coupled to another scalar field χ.
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INTRODUCTION
Structure formation during cosmological evolution of
the universe is one of the interesting problems in the
study of early universe[1]. In most of the inflationary
models the scalar field(the inflaton) respects homogeneity
and isotropy of the Friedmann-Robertson-Walker(FRW)
universe[2, 3, 4]. This is in conformity with observa-
tion of near homogeneity and isotropy of the cosmic mi-
crowave background(CMB)[5]. Anisotropies in the CMB
are small, i.e., of the order of a few parts in 105. In-
flationary models postulate that quantum fluctuations of
the inflaton field seed the structure formation.
In this paper we propose a scenario where inhomo-
geneities are generated by the classical field configura-
tion of a scalar field φ(x, t). The novelty of our approach
is in the fact that, unlike in all other models of infla-
tion, this field does not gravitate during the inflationary
regime. In other words all components of the stress ten-
sor of φ(x, t) vanish identically. We begin with a self-
interacting scalar field φ(x, t) in the FRW spacetime,
with a cosmological constant background Λ. This scalar
field is non-minimally coupled to gravity with an addi-
tional interaction, φ2(x, t)R, where R is the Ricci scalar.
For certain specific interaction terms, a classical solution
to the equations of motion is such that the stress tensor
evaluated on this background vanishes identically. A non-
gravitating interacting scalar field with non-minimal cou-
pling in the Minkowski space was studied earlier[6, 7]. In
the Minkowski space the solution exists for any non-zero
value of ξ, a constant which parametrizes non-minimal
coupling[6]. In case of the FRW background also, as we
will show, a solution to the equations of motion exists
for any ξ 6= 0. The general solution does not respect
symmetries of the FRW background. In the Cartesian
coordinates, the non-gravitating solution depends on all
spatial coordinates, but unlike in the Minkowski case, it
is generically singular. The singular nature of the pro-
file of the scalar field solution does not pose any problem
simply because this field configuration is not gravitating
and hence is not modifying the FRW background.
We will then propose a model of hybrid inflation based
on the non-gravitating scalar field φ(x, t) acting like
an inflaton field with a coupling to another scalar field
χ(x, t). The field φ(x, t) is non-gravitating as long as
the field χ(x, t) is sitting at the unique minimum of its
potential Vχ(φ, χ). The cosmological constant Λ in the
previous example can now be interpreted as the value of
Vχ at χ = 0. Rolling of the φ(x, t) leads to instability for
χ(x, t) by generating a double well potential for it. Due
to this instability χ(x, t) starts rolling, which leads to an
exit from the inflationary regime. Singular profile of the
classical solution is not relevant as long as we are in the
inflationary regime. Once the field χ(x, t) starts rolling,
it modifies the mass term of φ(x, t). The effect of this
new term is to make the field φ(x, t) gravitate. As soon as
φ(x, t) starts gravitating, its spatially non-homogeneous
profile becomes relevant for the future development of
the post-inflationary cosmology. Space dependent pro-
files for the inflaton field have been considered earlier
in the context of inflation due to topological defects(see
[8, 9] and references therein). We feel our model is differ-
ent from these proposals in two respects. First of all, our
solution is singular(albeit in a harmless way) and does
not represent a topological defect and secondly, unlike
the topological defects, our solution is non-gravitating
and therefore does not affect homogeneity and isotropy
of the FRW universe until φ(x, t) starts gravitating.
NON-GRAVITATING SCALAR FIELD IN THE
FRW BACKGROUND
In this section we will study a scalar field φ(x, t) cou-
pled non-minimally to the FRW background in the pres-
ence of a cosmological constant Λ. We are looking for a
solution to the equations of motion such that the stress
tensor for the field φ(x, t) evaluated on this background
vanishes. It imposes constraints which are sufficient to
determine the form of the classical solution as well as the
potential V (φ). The equation of motion of φ(x, t) then
becomes a consistency condition for the solution and the
potential energy functional.
Let us consider a self-interacting scalar field φ(x, t)
non-minimally coupled to gravity with cosmological con-














ξR φ2 − V (φ)
)
. (1)
The parameter ξ is a measure of non-minimality. In 3+1
dimensions, ξ = 1/6 leads to conformal coupling of the
scalar field to the gravity and ξ = 0 corresponds to the
usual minimal coupling. The field equation is
(− ξR)φ = V ′(φ) , (2)
where the additional term proportional to the Ricci scalar
is a consequence of the non-minimal coupling. The con-
served energy-momentum tensor is also modified due to
the non-minimal coupling and is given by
Θµν ≡ Tµν + ξ(gµν−∇µ∇ν + Λ gµν)φ2, (3)
where, Tµν is the standard energy-momentum tensor for
a minimally coupled scalar field,








The expression for the stress tensor in eq.(3) is obtained
in the following way. We first assume that in its original
form, every component of the stress tensor Θµν vanishes.
In that case the Einstein equation becomes Gµν = Λgµν .
Using this we arrive at the form of Θµν given in eq.(3).
So far we have been looking at the general features of a
scalar field non-minimally coupled to the gravity. We will
now consider the FRW background and study behaviour
of the scalar field in this background. Background metric
in the FRW cosmology is given by
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) (5)
where a(t) is the scale factor of the spatial section of the
background. Our aim is to look for a scalar field solution
which does not gravitate in this background. Let us first
do a change of variable
φ = σα , (6)
in the expression for the stress tensor. By arranging its
components appropriately we get three independent set
of expressions from Θµν , all of which are set to zero.





∇µ∂νσ, µ 6= ν, (7a)

























These equations are obtained by choosing α = 2ξ/(4ξ −
1), where ξ 6= 0, 1/4. While the case ξ = 0 is excluded
because it takes us back to the minimally coupled scalar
field theory, ξ = 1/4, can be treated separately and it can
be shown that non-gravitating solution exists for ξ = 1/4
as well[6]. Eq. (7a) imposes constraints on the profile of
σ. When neither µ nor ν is equal to t then the constraints
on σ are such that we choose
σ = f(t)(X1(x) +X2(y) +X3(z)). (8)
If instead either µ or ν is equal to t then the constraint
coming from the equation (7a) implies the function f(t)
is proportional to the scale factor a(t), i.e.,
f(t) = c0a(t). (9)
Linear combination of the diagonal components of the
stress tensor in the eq.(7b) determines the solution com-
pletely. That is, while on one hand, it can be used
to obtain behaviour of the scale factor, on the other
hand, it also determines the functional forms of X1(x),
X2(y) and X3(z) up to constants of integration. This
equation also requires exponential behaviour of the scale
factor. This is consistent with the Einstein equation
which can be written in terms of the Hubble parame-
ter H = a(t)−1(da(t)/dt) and the cosmological constant
Λ as,
3H2 = −Λ, a(t) = a0 exp(Ht). (10)
Vanishing of the double spatial derivative of σ, in eq.(7b),
implies that the functions Xi are at most linear in their
arguments for all i, for example,
X1(x) = p1x+ c1. (11)
Using eqs.(8–11) in the relation (6) we get






where, c = c1+c2+c3 and pix
i = p1x+p2y+p3z. We can
now determine the potential V (φ) using the Θtt equation

















Let us first notice that for all ξ < 1/4, second term in
the potential is dominant for large φ and if ξ is such
that the potential V (φ) is even under φ → −φ then the
potential is bounded from below. Since the first term is
negative, for the parity symmetric cases we have a double
well potential(fig.1(a)). The solution (12) obtained by
solving the stress tensor constraints also satisfies the φ



























FIG. 1: Fig.(a) shows generic form of the potential for the non-gravitating field φ. Black curve in fig.(b) is φ2, square of the
classical solution. Red line is the constant φ20 ansatz and green curve is the space dependent φ
2
0 ansatz.
equation of motion. This consistency condition ensures
that the stress tensor is conserved in this background.
This solution diverges for large xi when ξ > 1/4(α > 0),
on the other hand, for ξ < 1/4(α < 0) it diverges at a
point where (pix
i+ c) = 0(fig.1(b)). Since the solution is
non-gravitating, this divergence does not pose any serious
problem, however, as we will see below, when we have
other matter fields coupled to φ, this divergence leads
to interesting cosmological consequences. We choose ξ in
such a way that α, which in general is a fraction, has odd
denominator. This ensures that at least one real solution
always exists. The classical solution φ(x, t) depends on
the scale factor a(t) and when ξ < 1/4, the field φ(x, t)
is inversely proportional to a ξ dependent power of a(t).
Thus, in addition to having the space dependent profile,
the amplitude of the classical solution depends on the
scale factor and decreases rapidly for ξ < 1/4.
At this point one may wonder if singular field profile
could invalidate our analysis. More precisely, all compo-
nents of the stress tensor may vanish at all points in space
where the field profile is finite but to show that it also
vanishes at the singular point requires some care. Let us
first notice that at the location of the singularity, Tµν is
divergent. However, the improvement term in Θµν (3),
which is proportional to ξ is also divergent at that point.
The divergent terms can be clubbed into three different
expressions. These are proportional to φ2, φ(1−2ξ)/ξ and
φ1/2ξ. The coefficients in front of these divergent terms
in Tµν and in the improvement term conspire in such
a way that when they are combined together into the
eq.(3) the divergent terms cancel exactly. Since there is
no finite term left over after this cancellation, Θµν = 0
identically for all µ, ν.
For the sake of completeness let us consider the case
of ξ = 1/4. In this case we carry out analysis similar to
that of [6] and obtain the classical solution φ(x, t) and
the potential V (φ) exactly.
φ(x, t) = exp(c0e
Ht(pix
i + c)), (14)




















We will now couple another scalar field χ(x, t) to the
model studied above. For simplicity we consider mini-
mal coupling between χ(x, t) and gravity. The additional






















where, λi are positive for i = 1, 2. We define the total
action to be I = Iφ + Iχ. We can now justify the cosmo-
logical constant term in Iφ by interpreting it as the value
of the potential Vχ at χ = 0. This essentially amounts
to redefining value of Vχ at χ = 0. For the model to be
studied here, we will choose ξ < 1/4 therefore, in this
case magnitude of the classical solution φ(x, t) decreases
as a function of time as the scale factor a(t) grows. If we
choose φ0 in eq.(17) to be a constant, i.e., independent
of space and time (red line in fig.1(b)) then at any given
time we can divide the space into two regions. A region
where φ2 > φ20 and a region where φ
2 < φ20. In the former
case, the field χ has the usual mass term in its potential
and therefore 〈χ〉 = 0 and the classical dynamics of the
system is that of the non-gravitating scalar field φ(x, t)
studied above. The universe in this region is undergoing
exponential expansion and the amplitude of φ is decreas-
ing as a function of time. In other words, as a function
of time lesser and lesser region of space is undergoing ex-
ponential expansion. Nevertheless there is always some
4region of space which is expanding exponentially lead-
ing to a kind of eternal inflation. Since the expansion is
solely driven by the cosmological constant Λ = 〈Vχ〉|χ=0,
the rate at which the field φ is rolling is irrelevant. In
particular, the slow roll parameters ǫ and η determined
from the potential V (φ) have no bearing on the nature of
the inflation as φ(x, t) is not gravitating in this domain.
This situation continues until φ(x, t0) = φ0 at some point
x in space and at some time t0. For all subsequent times
after t0, the situation at the spatial point x belongs to
the case φ2 < φ20.
In the latter case, the field χ has tachyonic instability
at χ = 0. This instability makes χ roll towards the true
minimum. The rolling of χ affects exponential growth of
the scale factor. This is because two new terms are gener-
ated due to rolling of the field χ. First of all, rolling of χ
brings in Iχ into the picture, i.e., the field χ contributes
to the stress tensor and consequently to the right hand
side of the Einstein equation. Secondly, non-zero vacuum
expectation value of χ, changes the potential V (φ) by
adding a φ2 term which modifies mass of φ. Due to this
additional term the field φ ceases to be a non-gravitating
field and starts contributing to the right hand side of the
Einstein equation. These two terms give rise to two dif-
ferent effects. The first term is identical to the scalar
field in the hybrid inflation models, which is responsible
for exit from the inflationary regime.
The second term, on the other hand, gives rise to an
interesting effect. Since the field φ has space dependent
profile, it starts affecting the background as soon as it
starts gravitating. As a result, subsequent time evolu-
tion of the system needs a re-examination. Once the χ
field starts rolling, the inhomogeneities due to φ come
to light instantaneously. Clearly, due to inhomogeneous
behaviour of the classical solution φ, it will affect the
background and the new solution will not be homoge-
neous and isotropic. This behaviour may be strongly
constrained by current observational data but the viola-
tion of homogeneity and isotropy can be kept under con-
trol by keeping φ0 small. This would ensure that large
amplitude region of the solution does not gravitate.
Another possibility is to consider that φ0 is time inde-
pendent but has exactly same spatial profile as φ(green
curve in fig.1(b)). In this case, time history of evolution
of the field φ belongs to two categories. Either |φ| ≥ |φ0|
or |φ| < |φ0|, and this is independent of spatial posi-
tion. Therefore, at time t < t0, we are in the inflationary
epoch and from time t = t0 onwards, when the field χ
starts rolling we exit the inflationary regime. Interesting
aspect of this proposal is that inflation is exited every-
where in the space and as soon as the field χ starts rolling,
singular field profile of φ starts gravitating. To leading
order, however, the effective profile is space independent
because it is φ2(x, t)/φ20(x) that couples to χ
2. The sub-
leading terms coming from the stress tensor of φ would
introduce classical inhomogeneities in the density. Since
the field φ has started gravitating, we need to reanalyze
all the equations of motion. A more detailed analysis of
these scenarios will be reported elsewhere[10].
DISCUSSION
It is known for some time that action of the scalar
field nonminimally coupled to gravity can be brought into
canonical minimally coupled form by conformal transfor-













where, Ω2 = 1 − κξφ2. A minimally coupled scalar field
theory can be obtained by doing the conformal transfor-
mation,
Ω2gµν = g˜µν , (19)











is minimally coupled to gravity. The equation (20) can



















Substituting this redefinition in the action gives rise to
a pretty complicated potential energy functional. Never-
theless, in principle, it is possible to get non-gravitating
scalar field background even in the minimally coupled
case. This result holds for all backgrounds including the
Minkowski space[6]. The non-minimally coupled situa-
tion is, clearly, much easier to deal with.
In case of the hybrid inflation model, we have an added
complication in the minimally coupled situation. This is
due to the fact that the conformal transformation which
relates the non-minimally coupled theory to the mini-
mally coupled one shows up in front of the kinetic energy
term of χ as well as the potential energy term. The action
for χ becomes
Lχ = −Ω−2g˜µν∂µχ∂νχ− Ω−4Vχ(φ˜, χ). (23)
5Since Ω is field dependent, it generates a non-trivial met-
ric in the field space.
In summary, we have considered a novel model for
inflation with a non-minimally coupled non-gravitating
scalar field. Interesting feature of this model is that the
classical solution of the scalar field φ has space dependent
profile. Homogeneous and isotropic nature of the back-
ground is affected only when the field φ starts gravitat-
ing, which is illustrated using a hybrid inflation model.
Although non-minimally coupled scalar field can, after
a conformal transformation, be brought into minimally
coupled form, we show that such a field redefinition is
not very convenient.
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